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1. Introduction 
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^ ' Abstract. In this paper, we study the holomorphic function defined by the infinite 

Q . product T a , r (s) = n„> ( 1 + -^T^Y i 1 + which generalize Euler's definition 

in the sense that T(s) = Tl 'l . We obtain analogues of the Gauss multiplication 
. formula, complement formula for functions r a ,, (s). 
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Analogues of the gamma function T(s) have been proposed and studied by L.Bendersky 
E. L. Post[^] , S.Ramanujan (3j and other authors such as F.H.Jackson which intro- 
duces a g-gamma function defined as an infinite product. 
Euler's original definition of T(s) is 

o : r W = i n 

l> ■ S neN* 1 + « j 

CN ' 

fN| ' and many representations of T[s) as integrals involving classical functions can be found 

in classical manuals (see [Q] for example). 

Our paper differs from previous approachs and study a modified gamma function 
discribed by formula T a>r (s) = rin>o(l + ^fW Y )~ 1 c l° se d to Euler's definition. 

However, no simple integral formula (involving classical functions distinct from Euler 
gamma function) has been obtained as an alternative description of the function T ar (s). 
The paper is organized as follows: main properties of T atr (s) are summed in propo- 



. sition p.2| and proofs of results of this section are concentrated in section H. Section 



states few properties of infinite products defined by formula 2.1 



X 

2. Preliminaries 

For a real sequence A = (a n ) n >o such that 1 + ^- > for all n, we formally put 

d + —Y 

(2.D r A (.) = n ttT^T 

n>0 V a n ; 

Clearly T A (0) = r A (l) = 1. 

Definition 2.1. Let A = (a.;)i e i be a subset ofM. For a £ C* and neZ, we define 
| = ; A + a = (a t + a) i& ; A n = (af) m 

Proposition 2.2. We assume that E2?_i \ < +oo. One has the following properties: 

1. JTie function Ta(s) is defined and meromorphic on C wwift po/es onZy at s = —a n 
for n E N and never vanishes on C — (—A). 
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2. For a£l* and s G C - (— | ), one /ias: 

(2.2) r A (as) = r A (a) s Ta(s) 

a: 

3. Assuming a n ^ ±1 /or n, one /ias ; /or s £ C — (±A) 

,2 r_ A (s) 



(2-3) 



r A(s) = n' A 



,( S 2 ) 



TOi/l ^ A = ]ln>o( 1 



In this context, the strictly positive real number e 74 
defined and one has, for s G C — (—A): 



n 



ra>0 



1 — 1 

1 H )e a " is well 

On y 



(2.4) 



T A (s) ,A ' ^=°a n (a n + s) 
Choosing A = N*, we get T(s) = ^ T^*(s) with equal to the Euler constant 7. 
Proo/: 

Putting J n = N n [0, n) for n G N, one has, for s£K: 

rw(a + j)^r 

;) 



(2.5) 



(1 + — ? 

k\ 1 + ^- 



The sequence of entire functions s — > IIjfesJ n (l + j-)e is uniformly convergent (as 

g 

n — ► +00) on compact sets of C to the entire function s — ► rineN*(l + ^r) e at: which 
vanishes only at points s satisfying (1 + ^-)e a * = 0, ie for s G A. Clearly 



n( (l + l)e-i) 



as n tends to +00, uniformly for s in a compact set of C. Thus, formula 2.1 defines a 
meromorphic function on C with poles only at s = — a& for n > 0, as a quotient of two 
entire functions. 

For formula 2.2, omitting terms of the form e a fe , it suffice to prove the equality for 
s G M + * and formula holds for a general s G C — (— ^) by analytic continuation. One 
has, for a G M + * 



T A (a) s 



lim r , 



lim„ 



(1 + ^) 

(l + — Y 
(! + — ) 



(1 + -2L) 

(1 + — ) a 

fee Jn V ^ a k > 



For formula 2.3, one has: 

r A (s) 



n (1 + ^ )a -n (1 "^ )a(1 "^ ) 
11 a + 1) M (i - (i - 4) 



ra>0 



1 \s 



r_ A (a) 
r_ A2 ( s 2) 



We note the 
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Proposition 2.3. The functional equation satisfied by the Riemann zeta function is: 

, 0R , r 2N ,( s ) COO _ r 2N .(i- s ) c(i-g) 

[b) 2*s ~ 2 1 -(l-s) 

This equality is the starting point of this work. 
Proof: 

Since r(^) = y/n, the functional equation takes the form 

m Of) r(i^)c(i- g ) 

hence, from T(s) = - F^*(s) 

r N ,(§)c(s) r N .(i^)C(i-a) 



2-8^(1)- "" 21-- (i- s )r N *(|)i-« 

Taking A = N* and a = \ in formula |2.2j gives 

- r 2 N*(s) 



A direct substitution imply formula [2.6| . 



3. Properties of T ajr functions 

Let A = (a + nr) n >o = a + rN be an arithmetical sequence with reason r > and 
first element a > (or with reason r < and first element a < — 1). We define 

(3.i) r a , r ( S ) = n nr^r 

n>0 ^ a+nr/ 

This formula is closed to Euler's definition [HI] of gamma function expressed as an 
infinite product. The F a>r function is expressed by [O] in a non-natural way in terms of 
the well-known V function in order to obtain shorter proofs of some properties of r a r 
functions. Some properties of T a ^ r are more natural from explicit formula 3.1. We note 
that T(s) = j and formula ^ becomes 

r 2)2 (s) c(») r a , 2 (i - s ) c(i - s) 



(3.2) 



2 s s 2 1 - 3 (1 

Following section 0, we put 



(3.3) si„„, r ( S ) = nci - j^p) = rar(s) r„. ( _ s) 



n>0 

rr„ 1 , L_ 

Jg a+nr 



a + nr 

n>0 



Lemma 3.1. Let = One /ias, /or s 6 C - A: 

r2(£) 

(3.4) sin a , r (s) - 



r(2 + r(2 - 2) 



(3.5) e-^.' = ^ e**^ 
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( 3 - 6 ) r a,r(s) = TTTaT I\- 



Proposition 3.2. The function T a ^ r (s) has the following properties 

1. For sgC-A 

(3.7) r air ( S + r) = a r ^iV( S ) 
r(-) 

2. Complement's formula 

(3.8) r a , r ( s )r a , r (r- s ) = 



a sin ajr (s) 
3. Duplication formula 



(3.9) (2^ r a , r ( s ) r a , r ( s + -) = r a , r (2 S + a) 

with 

r fl) r(§)_ r(f + i)°-5 



r a , r (a) r(f) 1+a 

4. Multiplication formula 

k=n-l r (L\ r (kr\ v / ( n ~ 1 ) r 

'n r or ((n-l)a 



ns 



- J] r Q > + ^) = 1 ^ (J r a ^\,r " } - r a , r (ns + (n-l)a) 



k=0 

with 

mm r a , r (^)-r a , r (^)--r B , r (^) _ (2^ r(|+^^g 
1 j r a , r ((n-i)a) n --| r(^)("- 1 )( a + 1 -i) 

Thus, the triple formula may be written as 

r o>r (3a + 2a) = Cte 3^ T a , r (s) r o , r (s + -) T a>r {s + —) 

with 

3^-| r( 2)2+2a-r p (2fl) 



Cte 



r(f + i)2«- r a , r (§)r a , r (f) 

We put * , r (a) = rhi§- 0ne has ' for s G C - (a + rN): 

*a,r(s) = - *( ) + Inr - - lnr - + -) 

' ty y !y ry ry 

*a,r(s + r) - * a , r (s) = — ^~ 

s + a 

Various properties are 

Proposition 3.3. Let /?(•, •) 6e £/ie usual beta function. We assume a > and r > 0. 
With obvious notations, one has: 
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1. For neW 

(3.11) ^a,r{s) = Ta,nr(.s) ^a+r,nr(.S^) ' ' ' ^a+kr,nr (s) ' ' ' ~^ a+(n—l)r,nr (*) 

and 

F fc^ /3/ 3+a . fc\ ft(JL-k\ s R( s ■ a+kr \ ai a_. 1 \s 

1 a,nr\ b ) _ f J \ nr i n } t J \ nr i n ) _ /A ra r' nr > (AnrJ nr/ 

2. For suitable s and h, one has 

(3.12) T a _ htr (s + h) = C q s r a:r (s) 
with 

V'r^ + I)* /J(2;I) 0(2; =4) 

3. One /ias 

(3-i3) r«, r ( a ) = ^ r(- + -) 



When a = r, the function r ai(1 (s) becomes 

(3.14) r a , a ( S ) = n 

neN* ^ ^ an' 

with properties 

, s sin(7T-) 

(3.15) sin a , a ( S ) = a V a> 



7T S 



(3.16) e _7a - a = de / [ [ (1 H )e~^ = — — ^- 7 Euler constant 

(3.17) r a , a ( s ) 



neN* 

£0+1) 
r(i + ±) e 



(3-i8) r a , a ( s + a) = * r a , a ( s ) 



1 7T^ 



(3.19) MWa-^^l--)^ 

(3.20) r a , a (^ s ) = r a , a (^) s r btb (s) 



(3.21) 



* a , a ( S ) = ^*(l + ^)-lnr(l + i) 
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Proposition 3.4. For A 7^ 



(3.22) 
(3.23) 

(3.24) 

(3.25) 
For nef 



sin a)I .(s) = sin Aa ,Ar(As) = sin«ti(-) 



sin ajr (s + r) 



sin ajr (s) 



(f-f + 1) (f + f) 

sin a , r ( S + §) T 2 (f ) 



sin a _ s ( s ) = (1 



j- sin a+ r r ( s ) 



(a-|) 2 ' 



sm a+ | ir (sj 



(3.26) sin a)r (ns) = sin« )r (s) sino + r )r (s) • • • sina + fer r (s) • • • sm a | ( w -i)r r (s) 



71 71 



Taking n = 2 in formula 3.26| , we find 
(3.27) sin ajr (2s) = sin« jr (s) sina + j r (s) 

Classical descriptions of sin(s) and cos(s) as infinite product are equivalent to 
sin^Tr s) 



7T S 



sin\ t i(s) 



ct 



cos(tt s) = sini x (s) 



with the following properties 



«ni,i(s) = n(s + ~) sinyfs + i) 
sirei 1 (s + 1) = —sini -, (s) 

duetocos(7r s) = sin(7r s+f ) and periodicity of cos (s). And sin(2i^s) = 2 sin(irs) cos(irs) 
expresses as 

sirii t i(2s) = sim t i(s) sini 1 (s) = 7r(s H — ) sim^s) sini t i(s H — ) 

2 ' 2 2 



which agree with formulas 3.27| and |3.24| choosing a = 1 and r = 1. 

4. Proofs 



Proof of lemma 3.1: 
One has from ||] formula 8.364 



w 



n>0 



a + nr 



g a + nr 



r(f) 



hence to = 1 gives formula |3.5|. Choosing w = ±s gives formula 3.4. For s G 



r«,r( s ) = n 



n>0 



(! + =? 



g a+ri 



r(?+f) e 



thus, by analytic continuation and proposition |2.2 

r(^) s 

m + f) my 



r a , r (s) 



r(f) 



r(f) r^ + i) 
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Proof of proposition 3. , 



r(-) 

Let a = v( ^ a r + iy One has: 



TaM _ i £(g) _ i £(gg) 



1 r 



r a , r (s + r) a r r( 



a r s + a 



For complement formula |3,8| , with J„ = N H [0, n] for n £ N, one has, for s£K: 

1 (1 + oTfcr) r 



r a ,r(.s)ra,r(y - s) = lim„_»oo JJ - 



+ 



(1 + 



k£j n ~~ ' a + kr VJ " T a+fcr- 

At fixed n, the denominator is 

s (a + r + s) (a + 2r + s) (a + nr + s) \ / (a + r — s) (a + 2r — s) (a + (n + l)r 



(1+ 



a (a + r) (a + 2r) 



(a + nr) 



(a + r) 



(a + nr) 



a 

1 

Thus 



(a + r) 2 
„2 



fa + 2r) 



(a + 2r) 2 



+ nr ) 2 — s 2 \ ] (a + (n + l)r — s) 



(a + nr) 2 

„2 



r)(l 



(a + r) 2 ^ (a + 2r) 2 ' 



(1- 



(a + nr) 5 



(a + (n + l)r — s) 



r a ,r(s)r a ,r(^ - s) = lim^oo (1 



(a+(n+l)r-s) fc Al ^ 



n 



1 \r 



a+fcr ' 



One has 



n( i +^) r =n(d+^-^)' 



E r 
kGJ n a + fcr 



fcGJn 

— 7T = *( 1 + n + -)-*(") 
a + /cr r r 



Clearly, as n — > +00 



no 



(a + /cr) 2 



sin 0jr (s) 



-r 7a, r 



fceJ 



*(1 + n + -) = ln(l + n + -) - — M 
K r' y r' 2(l+n + 



hence 



s \ e 



-r 7a, r 



T ar (s)T a , r (r - s) = (1 ) . 

a sm a , r (s) 



e * ( r) lim n ^oo ] | 



But 



(n + l)r- S g _ * (1+n+f) = 



(]_ + (n+l)r-S j e _ 4r(l+n+f ) 

(n + l)r-s ) g _ ln(1+n+f)+ _L +0 (J 7 ) ^ 



thus 



and s = gives 



r s 6 

r a ,r(s)r air (r - s) = -(1 



-I - 7a, r 



a a sin ajr (s) 
r_(r) = -e- r ^e-*^) 
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showing 3.8 for s£l, hence for s £ C — (a + rN) by analytic continuation. 

We prove multiplication formula. Putting x = and using formula |3.6|, one has 



k=n— 1 



J-J- n - LJ - -) r n T-i /* a i 1 ' 



fc=0 



fc=0 



(n — l)r 



i r(x)r(x + 1) . . . r(x + ^) • • • r(x + r(f )™+^ 



From Gauss formula 



r(2 + i) ns+ 



(n — 1)?" 



k=n— 1 



r(na?) = (27r)V- n na; -i ] [ T(x + 



fc=0 



and 



we get that 

k=n— 1 



p^a _|_ J_^(a+s)n— a 

r a , r (ns + (n - l)a) ^ a ^,. n _, = T(nx) 



r(«)(»+s) 



11 FaAs + k-) 



a\an-n+a+l+ 



(n— l)r 



fc=0 



? — -t— T ar (ns + (n — l)a) 



thus 



k=n— 1 



' a I 1 \a— na+ 



(n— l)r 



T-i ( a I ly 

(2n)^n^n^-i J] IV « + fc- = l - ^— 

T2, p/ a \an— n+a+l+i — 5-^- 
fc=0 1 IfJ 



r ar (ns + (n — l)a) 



which agree with |37l0|. Taking n = 2, we get formula |3.9| 



Proof of proposition \3.3j : 



We prove 1) of proposition |3.3| . Formula |3.1l| follows from formula |3.l| . From formula 
[T^, one has 

r a>w ( s ) r(sgE) r(^) r(£)< r(2±^±i)^ 



r a+fcr ,„ r ( s ) r(£) r(^r) r(agc)- r(*±)« 

Multiplying by T(^) or by r(^), one has: 

j-y q+fcr \ p/ s+a 1 ! /o/ s+q . fc\ Q( — - 

\ nr ' nr ' ' V nr ' n/ ^Wr 1 



_. q+fcr s 



\nr' A V nr / r \nr' n* r ^nr' nr' 



In the same way 



For 2), one has 



with 



rm s r( 



a+fcr+1 > 



pf a+fcr ys 'p(' a + 1 Ys /3(' a+l ■ Q( a+kr . 1 \ 

V nr / V nr / "\ nr ' n> nr > nr' 



r ,r(s) 



c 



r(f + J) r(fi=fi) 



a— /i i 



r(^ + i)" 



c = r(- 
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With a similar method, we get formula |3.12 . 

For 2), let A be the sequence {a + nr} n >o- From [E^ with a = r, we obtain 

r fl) r(rs) = r ajr (r) s r a i ( s ) 



From formula |3.q 
thus 



1 a T(-) s 

r(f) 1 r ; r(a + i)* 
„ , , r a , r (r) 



(OTf) 



r( s + 



r(f) (^ r(s + r } 



which is formula 3.13. 



Proof of proposition 3.4-' 

One clearly has, for A 6 R*, from formula 3A 



(4.1) sin air (s) 



r 2 (^) 



V(9l _|_ £"1 FY* _ s \ ' wAa , As\ TVAa As \ 



- Ar Ar ' 



Taking A = ^, we get formula |3.22| . 
For formula p. 23] , one has 

r 2 m 



sin ajr (s + r) 



'a s 

v r r 



1 



sin Aa ,Ar(As) 



hence 



r(f + f + i) r(£ 



sin air (s + r) 



From formula 3.4, we obtain 



sm„ , r 



-to 



i) + r(2 + *)r(s 

- - - + 1) 



r 2 (^ + i) 



r(f + f + i)r(2-f + |) 



thus 



sin nr .(sH — ) = 

proving so formula p. 24 . 

Formula 3.25 follows directly from definition 3.3. 
Using formula |3.11| , we obtain 

(4.2) sin 0)r (s) (s) • ••sin a+(n _i) T . jnr (s) 

Replacing s by ns and applying formula |3.22j with A = — , we obtain formula |3.26| . 
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